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Abstract 

We develop a general field-covariant approach to quantum gauge theories. Extending the usual set 
of integrated fields and external sources to "proper" fields and sources, which include partners of the 
composite fields, we define the master functional fi, which collects one-particle irreducible diagrams and 
upgrades the usual T-functional in several respects. The functional f2 is determined from its classical 
limit applying the usual diagrammatic rules to the proper fields. Moreover, it behaves as a scalar under 
the most general perturbative field redefinitions, which can be expressed as linear transformations of the 
proper fields. We extend the Batalin-Vilkovisky formalism and the master equation. The master functional 
satisfies the extended master equation and behaves as a scalar under canonical transformations. The most 
general perturbative field redefinitions and changes of gauge-fixing can be encoded in proper canonical 
transformations, which are linear and do not mix integrated fields and external sources. Therefore, they can 
be applied as true changes of variables in the functional integral, instead of mere replacements of integrands. 
This property overcomes a major difficulty of the functional T. Finally, the new approach allows us to 
prove the renormalizability of gauge theories in a general field-covariant setting. We generalize known 
cohomological theorems to the master functional and show that when there are no gauge anomalies all 
divergences can be subtracted by means of parameter redefinitions and proper canonical transformations. 
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1 Introduction 



The renormalization of gauge theories is efficiently studied using the Batalin-Vilkovisky formalism 
[1] and the dimensional-regularization technique. First, sources Ka are coupled to the gauge 
transformations R (3>) of the fields $ . Then the pairs <& a -Ka are viewed as conjugate variables, 
and a notion of antiparentheses (X, Y) for local and non-local functionals X and Y is introduced. 
The master equations (S, S) = and (r, T) = satisfied by the action S and the generating 
functional T of one-particle irreducible diagrams keep track of gauge invariance through radiative 
corrections and counterterms. Divergences proportional to the field equations or of gauge-fixing 
type are removed by means of canonical transformations, while divergences of all other types are 
removed by means of parameter redefinitions. 

The canonical transformations are the redefinitions of <f> and K that preserve the antiparen- 
theses. In simple power-counting renormalizable theories, such as ordinary Yang-Mills theory, the 
renormalization of fields and sources is multiplicative. However, in more complicated, renormal- 
izable or non-renormalizable, theories, such as Yang-Mills theory with an unusual action, or with 
composite fields turned on, as well as effective field theories and gravity, the canonical transfor- 
mations that subtract divergences can be non-linear [2] and mix $ and K in non-trivial ways. It 
is legitimate to replace the integrated fields <I> with (perturbatively local) functions of <3? and K, 
because this operation is just a change of variables in the functional integral. Nevertheless, it is 
not legitimate to replace an external source K with a function that depends on the integrated 
fields <£. Therefore, the formalism we are accustomed to is not completely satisfactory. It works 
only if canonical transformations are meant as mere replacements of integrands, not true changes 
of field variables in the functional integral. This means that they are understood as changes of 
variables only at the level of the action S. However, the term J & a Ja that appears in the expo- 
nent of the Z-integrand is not transformed, but just replaced by brute force with the one of the 
new variables, J <&' A J' A . 

When the entire J-dependence is encoded in the term J & A J a we say that the functional inte- 
gral is written in the conventional form. A non-linear change of variables destroys the conventional 
form. Replacements bypass this fact restoring that form by brute force. Thus, replacements allow 
us to "jump" from the generating functional associated with the action S to the one associated 
with the transformed action S', but cannot be straightforwardly used to write identities relating 
the generating functionals before and after the transformation. 

A general field-covariant approach to quantum field theory has been developed in ref.s OH]. 
Due to the intimate relation between composite fields and changes of field variables, sources Lj 
for the composite fields / (v) are introduced, besides the usual sources J for the elementary fields 
if. Then, suitably improved Z- and W-functionals are defined, so that the Legendre transform 
of W with respect to both J and L exists, and defines the so-called master functional (<E> , N). 
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The master functional is a generating functional of one-particle irreducible diagrams and behaves 
as a scalar under general changes of field variables. Moreover, every field redefinition is encoded 
in a linear transformation of <I> and N. In a particularly convenient "proper" approach, where 
the integrated fields (p are extended to a set of proper fields (p and N$, such that $ = (cp) and 
N = (Ns), the radiative corrections to Q can be derived from its classical limit following rules 
analogous to the ones we are accustomed to. Moreover, the conventional form of the functional 
integral is manifestly preserved during a general change of field variables, so replacements and 
true changes of field variables are practically the same thing. 

If we want a truly variable-independent approach to gauge field theory we must generalize 
the ideas of ref. [1] and define the master functional in a way that is compatible with gauge 
invariance. In particular, must satisfy it own master equation. In this paper we show how this 
is done. 

We first extend the notion of antiparentheses and the Batalin-Vilkovisky formalism to the 
composite-field sector, and prove that Q satisfies a master equation in this extended sense. We 
also extend the proper formulation of Q. In particular, there exist proper canonical transfor- 
mations, which are linear redefinitions of the proper fields and the proper sources that encode 
the most general field redefinitions and changes of gauge-fixing. The external sources transform 
without mixing with the integrated fields. Thus, proper canonical transformations can be safely 
implemented as changes of field variables in the functional integral. 

The proper formalism allows us to study the renormalizability of gauge theories in a general 
setting. We assume that there are no gauge anomalies and the gauge algebra closes off shell. We 
show that when known cohomological theorems [5] apply they can be generalized to the master 
functional with a relatively small effort. Then the classical and bare actions can be extended 
till they include enough independent parameters so that all divergences proportional to the field 
equations and of gauge-fixing type are subtracted by means of proper canonical transformations 
and all other divergences are subtracted by means of parameter redefinitions. Clearly, the master 
equation is preserved at every step of the subtraction. 

For definiteness, we work using the Euclidean notation, but no results depend on this choice. 

The paper is organized as follows. In section 2 we define the master functional for gauge 
theories and extend the antiparentheses and the master equation to the composite-field sector. In 
section 3 we develop the proper formalism, and in section 4 we study the proper canonical trans- 
formations. In sections 5, 6 and 7 we study the renormalization of gauge theories in the general 
field-covariant approach. In section 5, we prove some preliminary results, subtracting divergences 
as they appear, without checking if they can be reabsorbed inside canonical transformations and 
parameter redefinitions. Then, in section 6, we generalize known cohomological theorems to the 
master functional and prove that f2 can be renormalized by means of parameter redefinitions 
and generic canonical transformations. At this stage we do not know whether those canonical 
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transformations are proper or not, so we can only use them as replacements. In section 7 we 
extend the classical and bare actions so that they still satisfy their master equations and contain 
enough independent parameters to subtract all divergences by means of parameter redefinitions 
and proper canonical transformations. Section 8 contains the conclusions and in the appendix we 
prove a cohomological theorem used in the paper. 



2 Master functional 

In this section we generalize the master functional introduced in ref. jj] to gauge field theories, 
and extend the Batalin-Vilkovisky formalism. 

First we briefly recall the usual formalism. The set of fields {$^} includes the classical fields 
(j), plus ghosts C, antighosts C and Lagrange multipliers B for the gauge- fixings. An external 
source K A is associated with each & A , with statistics opposite to the one of <fr A . If X and Y are 
functionals of <3? and K their antiparentheses are defined as 



( XY )- f ( §rX SlY S r XS l Y \ ( 21) 



where the summation over A is understood. The integral is made over spacetime points associated 
with repeated indices. The master equation is (S, S) = 0. Solving it with the "boundary condition" 
S(<&, K) = S c (4>) atC = C = B = K = 0, where S c (4>) is the classical action, we get the solution 
S(<&,K) we start with to quantize the theory. We assume that the gauge algebra closes off shell, 
so there exists a variable frame where S($,K) is linear in K. Then we can define functions S(<3?) 
and R A {$), such that 

5($, K) = S($) - J R A ($)K A . (2.2) 

We assume that the source-independent action §($) is already gauge-fixed. The generating func- 
tional Z reads 

Z(J,K) = J [d$]exp (-S($,K) + J <$> A J A ^J = expW(J,K). 

Finally, the generating functional T(&,K) of one-particle irreducible diagrams is the Legendre 
transform of W(J,K) with respect to J, the sources K being spectators. 

For example, in pure non- Abelian Yang-Mills theory we have $ A = {A*, C a , C a , B a ), K A = 
(K^K^K a c ,K%) and 

S($, K) = J Qf;„ 2 - ^{B a f + B a d ■ A a - C a d^cA 
D^C a K® + | J f ahc C h C c K a c - J B a K a c , 
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where F* v = d^A a v - d v A% + g f abc A\A C V is the field strength, D^C a = d^C a + gf^A^C is the 



covariant derivative of the ghosts and f are the structure constants of the Lie algebra. 

Starting from a variable frame where the structure (|2.2p holds is not a restrictive assumption, 
because the form (|2.2p is preserved by all canonical transformations whose generating functions 
F(&,K') are linear in the sources, 



which contain the most general ^-redefinitions and changes of gauge- fixings. Note, however, that 
these canonical transformations turn the sources into functions of the fields, so they cannot be 
used as changes of variables in the functional integral, but must be treated as replacements of 
integrands. 

The master functional allows us to solve this and other problems, and formulate quantum 
field theory in a general field-covariant way. A non-linear change of field variables is intimately 
related to composite fields. We need to consider all sorts of composite fields, not only gauge- 
invariant ones, because a field redefinition is in no way restricted by gauge invariance. However, 
gauge-non-invariant composite fields make the action violate the master equation, so they must 
be introduced in a clever way. We are going to include composite fields with arbitrary ghost 
number, and both bosonic and fermionic statistics, made with the fields <E> and their derivatives. 
Thus, the first thing to do it to add a term f 1 (<3?)L/ to the exponent of the Z-integrand, where 
{0^} is a basis of composite fields and Li denotes the external source coupled to 0^. 

Since this extension violates the master equation, we need to further modify the exponent, so 
that it also incorporates the gauge transformations 



of the composite fields 0^(3>). We couple such functions with new sources Hj. We must pay 
attention to the statistics of composite fields and sources. By convention, we always place the 
sources to the right, so the new exponent of the Z-integrand becomes 



up to further extensions that we describe later, where summations over / are also understood. 
Note that the composite fields R^s appear twice: once together with the source Hj, and once 
together with some sources Lj. This redundancy is harmless, actually useful for some purposes 
explained below. Moreover, the sources Lj and Hj play different roles in the Legendre transform 
that defines f2. It is useful to rewrite expression (|2 . 3[) as 





(2.3) 




(2.4) 
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where we have defined a new extended action 

S H ($,K,H) =§($)- J {R^Ka + R^Hj) (2.5) 

that obviously satisfies the usual master equation (S, S) = 0. The last two terms of f|2.4|) . instead, 
both violate the master equation, which is why we treat them on the same footing. 

Observe that equating the sources H to constants we can parametrize the most general gauge- 
fixing, since the last term of (|2.5p is of the form (Sh, 1 ^) with VP = — J I Hj. Moreover, if we 
set the sources Lj of gauge-invariant composite fields equal to constants we can add interactions, 
thereby modifying the classical action at will. Indeed, the techniques we are developing allow us 
to treat the most general theory, express it using arbitrary field variables and gauge-fix it with 
the most general gauge-fixing. 

In ref.s [3l U] a linear approach was defined, where the action is extended to include higher- 
powers of the sources, so that divergences are subtracted by means of field redefinitions, param- 
eter redefinitions and linear source redefinitions. Here similar results are less straightforward to 
achieve, and we must proceed gradually. For the moment a sufficiently general extended solution 
of the master equation is 

Sh($, K, L, H) = S(<&) — J (R A (^)K A + R I (^)H I ) - J r vJ >f(L)0^ v ($), (2.6) 

where 0^ nv are the gauge-invariant composite fields (namely they satisfy (S, 0f nv ) = (jSjj-, ) = 
0), the r„/s are constants and N"(L) = 0(L 2 ) are a basis of independent local monomials, at least 
quadratic in Lj, that can be constructed with the sources L and their derivatives. Clearly, (|2.6p 
satisfies the master equation (Sh, Sh) = 0. 

At this stage we cannot guarantee that all divergences can be subtracted redefining the fields, 
sources and parameters appearing in (|2.6|) . and that the sources redefinitions are linear. These 
problems are treated in sections 6 and [71 where further extensions are developed. The important 
fact is that (|2.6j) is general enough to make room for the improvement term met in ref. [3], which 
for later convenience we write here as 

T(L) = lj Lj(A~ 1 ) ij Lj, (2.7) 

where Ajj are constants (c-numbers) and A is the ^-transpose. These constants must be restricted 
according to the statistics of the sources L, their ghost numbers and the other global symmetries 
satisfied by the theory. The term (12. 7|) is just a contribution to J t^W 1 , which multiplies the 
identity operator, and allows us to define the Legendre transform of W with respect to L. As 
usual, we shift f t^W^L) by T(L) and assume that the new J r^/N^O^ is perturbative with 
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respect to T(L). The action becomes 



S H (*, K, L, H) = S($) - J {R A ($)K A + R^Hj) -I J L^A^Lj - f t vI W (L)0{ m {<5>). 

(2.8) 

Again, (S H , S H ) = 0. 

The generating functionals Z and W are defined as 

Z(J,K,L,H) = e w(J ' K ' L ^ = J[d*]exp(-S H (*,K,L,H) + J (d> A J A + 0%)) (2.9) 

and are invariant under the transformation 

t,J a = 0, TK A = {-lf A J A , tLj = 0, rffj = (-l)^Lj, 

where e A and £7- are the statistics of $ and 1 , respectively. The proof of this invariance is as 
follows. Apply the operator 5 T = £r to the Z-functional (|2.9p . where £ is a constant anticommuting 
parameter. Using (|2.8p we see that 

W = -£ J(R A J A + -Rq^/)- ( 2 - 10 ) 
These contributions can be canceled making the change of variables 

$ A -><S> A + ZR A = <S> A + £(S H ,$ A ) (2.11) 

in ([23]). Indeed, (f2"TTj) affects only / ($ a Ja + 1 Lj) by an amount opposite to ([2~TU|) . Thus, 

tZ(J,K,L,H) =0, tW(J,K,L,H) =0. (2.12) 

We define the master functional as the Legendre transform of with respect to J and L, 
where A" and .ff remain inert. We have 

iT, iV, #) = -W(J, A, L,-ff) + y ($ A J a + A'Lj) , (2.13) 

where 





N J = 


5 r W 


5 r W 


5 r Q 




5Li ' 


SK A 






Lj = 


SiQ 


5 r W 


5 r Q 




5N 1 ' 


5H T 


5Hj 



Ja ~^ Li -jw> m-'m- (2 - 14) 

Setting K A = Hi = Lj = we switch off the composite-field sector and the sector of gauge 
transformations. Instead, setting Hj = Lj = the master functional £1 reduces to the T-functional 
r(<I>, A). In particular, the solutions of the conditions Lj = diVl/dN 1 = express as functions 
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of the fields <3? and the sources K,H. Using N 1 = 5 r W/5Lj and formula ([2j| at L = we have 
N 1 = (0 7 ) L=0 , therefore 

V($,K) = n($,K, (0 7 } L= tf = o,0). 

Now we extend the Batalin-Vilkovisky formalism. Given two functionals X and Y of <£, K, 
N and i7, we define their squared antiparentheses [X, Y\ as 



\XY\= I ( 8rX 6lY 6rX 6lY 6rX 
1 ' J ~ J \5<S> A 5K A 5N 1 5H! 5K A 



6jY 5 r X SiY \ 



5$ A 5Hj 5N 1 J ' 

In practice, the squared antiparentheses are made of the usual antiparentheses plus similar ones 
for the pair of conjugate variables N J -Hj. Because of this, the squared antiparentheses satisfy 
the usual properties 

[Y,X\ =-(-lf x+1 ^ £Y+1 ^[X,Y\, 
(_l)(*x+i)(e*+l) IX, [Y, Z\\ + cyclic permutations = 0, (2.15) 

and £\x,y\ = £x + + 1> where ex denotes the statistics of the functional X. Moreover, 

if F is a fermionic functional and B is a bosonic one. Finally, the Jacobi identity (|2.15p ensures 
that 

[X,[X,X\\=0 (2.17) 

for every functional X. 

Now, using (12.141) and the second of ([2.16P we can rewrite 

f 5 r W f 5 r W r 

as 

<5 r ft 5i$l f <5 r ft 5^ft 1 



T W = — —r+ — —r = — I ft, SI 1=0. (2.18) 

J 5K A 5<$> A J SHi 5N 1 2 L ' J v ' 

We have thus proved that the master functional ft satisfies the master equation [ft, ftj = 0. 

Canonical transformations can be extended defining them as the redefinitions of <3?, K, N 

and H that preserve the squared antiparentheses. They can be encoded in generating functions 

F($,K',N,H') such that 

,A,_ SF v 5F r, 5F „ 5F 



= K A = —j, N *'= Hl 



8K'/ ^ 5§ A ' SH'j' 5N 1 ' 
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3 Proper formulation 



In this section we extend the proper formalism of ref. [4] to gauge theories, which allows us 
to derive several properties in more economic and more general ways. For example, several 
results derived so far rely on the particular form (|2.8p of the action Sh- Now we can drop that 
assumption. We still assume that the L-dependence of Sh is made of —T(L) plus corrections that 
must be treated perturbatively with respect to the improvement term. Moreover, the generating 
functionals are still defined by ([2.9p and (|2,13p . Next, define the S^-action 

S L ($, K, N, H, L) = S H ($, K, L,H) + J N'Lj, (3.1) 

where N 1 = N 1 - 7 (<£>), and assume that it satisfies the master equation 

[S L ,S L \=0. (3.2) 



In this equation the sources L are mere spectators. It is easy to show that if Sjj is given by (|2.8p 
the action Sl does satisfies this identity. 

Define the proper action Sn($,K,N,H) by means of the formula 

exp (S N ($, K, N, H)) = J [dL] exp (S L ($, K, N, H, L)) . (3.3) 

The generating functionals can be expressed using the proper action. For example, we have 

Z(J,K,L,H) = y"[d$diV]exp (-S N (^,K,N,H) + J $ A J A + J N 1 L^j = exp W(J, K, L, H), 

(3.4) 

because, using (|3.ip and (|3.3p . this formula immediately returns ([2.9p . Then the master functional 
can be calculated using fl2.13[) - (j2.14f) . 

Observe that in this section $ and N denote the integrated proper fields, arguments of the 
proper action Sn, while in the previous section the same notation and N was used for the 
arguments of the master functional Q. When we want to distinguish the ones from the others, we 
call <I>f7, Nq the arguments of O and $5, N$ the arguments of Sn. Thus, strictly speaking we 
have $ n = ($5) and N n = (N s ). 

In the functional integral (|3.3p the L-propagators are those determined by the improvement 
term (|2.7p . therefore they are proportional to the identity, and every other term of (|3,3p must be 
treated perturbatively. It is easy to see, using the dimensional regularization, that the integral 
of ([3.3p receives contributions only from tree diagrams and can be calculated exactly using the 
saddle-point approximation. Let Lj = Lj(<&,K,N,H) denote the solution of 5 r SL/5L = 0, or 

N 1 = -^-S H ($,K,L,H). (3.5) 
oLj 
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Then 



S N ($,K,N,H) = S H {<S>,K,L*,H)+ I N 1 ^ 



In practice, Sn coincides with the Legendre transform of — Sh + / 1 Lj with respect to L. 
Because of this, we have the relation 



SiSn 
SN 1 



L}($,K,N,H), 



so (|3.5p is equivalent to 



Li 



6jSn 
SN 1 ' 



If Sl satisfies fj3.2|) the proper action satisfies the proper master equation 

[Sn, Sn] = 0. 



(3.6) 
(3.7) 

(3.8) 



Indeed, observe that Sn is just Sl with L equal to the solution L* of S t Sl/SL = 0. Every time 
we differentiate Sn with respect to = &,K,N or H, we must pay attention to the fact that 
now L is no longer fixed, but depends on However, the operation of setting L = L* and the 
differentiation with respect to $ can be freely interchanged on Sl, because 



Si) 



SO 



(S L 



S r S L 



L=L* 



SO 



Q~rSL 
L=L* 6L I 



L=L* 



5 r L*j 

~Jo~ 



S r S L 



SO 



L=L* 



Here the integrations over spacetime points associated with repeated indices are understood. 
Thus, (|3.2p implies f|3 . 8[) . Moreover, differentiating [Sl,Sl\ = with respect to Lj we have 
\_Sl,S t Sl/ SLi\ = 0. Setting L = L* in this equation and using 



60 



S t Sl 



SL! 



L=L* 



SlS r SL 



we get 



[Sn,L* 



StiSLj 
SiS t Sl 



+ 



SlL*j SlS r SL 



L=L* 



60 SLjSLj 



0. 



L=L* 



L=L* 



JJ] SLjSLi 

Now, SiS t Sl/ SLjSLi is a perturbatively invertible matrix, because the improvement term is 
dominant with respect to all other terms belonging to the L-sector. Therefore, we can drop that 
matrix and conclude 

[S N ,L}\=0. (3.9) 

This result was expected, because L is gauge-invariant (\_Sl,Lj\ = 0) and L* is determined 
by the gauge-invariant equation 5 t Sl/SL = 0. Then the solution L = L*(§,K,N,H) must be 
gauge-invariant . 
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Before proceeding, we apply the construction just outlined to the case where Sh is given by 
23]). Using (USD we find 



L} = A LJ N J + 0(iV)-perturbative corrections, (3.10) 
thus the proper action has the form 

S N {$, K, N, H) = S($) - J {R A ($)K A + RU^Ht) + i /" N 1 AuN J + j PvI W{N)0{ m (<S>), 

(3.11) 

for suitable parameters p„j equal to t v j plus perturbative corrections. Observe that the combina- 
tions N are gauge invariant, namely [S^jN 1 ] = 0. 

It is also instructive to prove ([3.80 more directly in this case. We do it using ([3.30 . Observe 
that 

where (• • • )l denotes the expectation value in the sense of the L- integral of ([3.30 . Using ([2.160 
we have 

[S N ,S N \=2j ^ 6 j^^ = ((S H ,S H )) L = 0. 

The perturbative expansion can be organized assuming [4J 

A ni = 0(^" 2 ), L I = 0(5 n '- 2 ), A u = Q(6 ni+n '- 2 ), PvI = 0{5 n ^- 1 ) : 

K A = 0(5 nA ~ 2 ), i7/ = 0(^- 2 ), iV| = 0(r ni ), (3.12) 

where 5 is some reference parameter <C 1, X ni is the coupling, or product of couplings, multi- 
plying a monomial with n\ <£-legs in S($), nj is such that J (<&5~ 1 , A/5"' -2 ) = <5~ n/ J (<E>, A), 
rit, is the 5-degree of J\T(L), while ua and n,j are such R A ($5~ 1 , \i5 ni ~ 2 ) = 5~ nA R A ($,\i) and 
Rq^S -1 , \i5 ni ~ 2 ) = 5~ n 'i Rq(&, If we rescale every object by a factor 5 n , where n it its 
5-degree, and in addition rescale $ by 1/5, then the proper action rescales as 

S N ($, K, N, H) -> ^5^($, K, iV, if), (3.13) 

where Sn has a factor S for each p and a factor <5 2 for each loop, but is ^-independent everywhere 
else. Formula ([3.130 ensures that radiative corrections are perturbative in 5. 

Summarizing, assumption ([2.80 for Sh is equivalent to assumption ([3.110 for Spj. Now we 
drop such assumptions again and go back to the general case. We can take any classical proper 
action S c n that satisfies the following requirements: 

1) the perturbative expansion is defined around the usual ^-kinetic terms and the iV-quadratic 
terms 

l - j N'AjjN- 1 , (3.14) 
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2) differentiating S c n with respect to the sources N 1 and setting SiScn/SN 1 to zero, the solutions 
N\&) at K = H = are a basis of local composite fields 0^(3>). 

As usual, the renormalized action is denoted with Sn- The solutions N 1 = N 1 — 0^(<I>) = 
of 5iSn /5N 1 = 0&tK = H = define the renormalized composite fields Op (<!>). The composite- 
field sector and the sector of gauge transformations can be switched off setting N 1 = K = H = 0. 
It is often convenient to write Sn as a functional of K, N and H. 

For the moment, the action Sn may or may not satisfy the master equation \_Sn, SjvJ = 0. 
Indeed, as we will see later in some derivations it is useful to admit temporary violations of the 
master equation. 

Theorem 1 If the proper action Sn satisfies the master equation \_Sjsr, Sn\ = 0, then the master 
functional f2 satisfies the master equation OJ = 0. 

Proof. We just need to recall that once we enlarge the set of integrated fields from to the 
proper fields iV~ and the set of conjugate sources from K to the proper sources K,H, then the 
master functional f2 is the T-functional of the proper variables, the squared antiparentheses are 
the usual antiparentheses, and the proper master equation is the usual master equation. Thus 
the theorem follows from the analogous statement that holds for usual T-functionals. 

The theorem just proved can also be seen as a corollary of the following more general theorem, 
concerning proper actions Sn that do not necessarily satisfy the master equation. 

Theorem 2 The master functional satisfies the identity 

in,n\ = ([s N ,s N \). (3.15) 

Proof. Make the change of variables 

$-»$ + £|SW,$J, N^N + Z[S N ,N\, 

in the functional integral (|3,4p that defines Z. Setting the variation of Z to zero we find the 
identity 

0-|( L 5 WlSwJ ,- f (/^ + /^L / ). 
Taking J a and Lj out of the average and using 

/ 5 r S N \ 5 r W _ 8 r U 

\Jk a ~/~~Jk a ~~~5k a ~' 

and similar identities for the ii"-derivatives, we obtain (|3.15p . 

We have given a set of operations to construct Sn from Sl- To conclude this section we show 
that, despite the fact that Sl depends on more variables than Sn, we can invert those operations 
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and go back to Sl- Given Sn($,K,N,H), solution of the master equation |_SV,<SVJ = 0, define 
Sl as (minus) the Legendre transform of Sn with respect to N, namely 



S L (<f>,K,H,L) = S N ($,K,N*,H) - J N* 1 ^, 

where N 1 = N* 1 ^, K, H, L) are the solutions of f|3 . T[) - Then define 

S L (*,K,N,H,L) = S L (<f>,K,H,L) + J N 1 Lj = S N \ N=N * + J (N 1 - N* 1 )^. (3.16) 

Inverting (|3.ip we can also work out Sh(&, K, L, H), but we do not need it right now. Clearly, 
the solution L = L* of 5 r SL/5L = coincides with the solution N = N* of (|3,7p . and we have 
Sl\l=l* = Sn- It is easy to prove that Sl satisfies \_Sl, «SxJ = 0, because for $ = K or H we 



have 



SiSl SiS. 



N 



60 6$ 
while for i? = N (|3.7|) gives 



Thus, [S N ,S N \ 



+ 



SiN 



*i 



N=N* 



6d 



6rS 



Li 



6N 1 



Li 



N=N* 



N 



6i) 



N=N* 



(3.17) 
(3.18) 



N=N* 



N=N* 



6N 1 6N 1 
[Sl,Sl\ =0. Moreover, 

[N 1 — N* 1 , Sl} = 0. 

Indeed, differentiating [Sn,Sn] = with respect to N 1 we get [6[Sn /6N 1 , Sn\ = 0. Setting 
j\T = N* in this equation and using 



(3.19) 







6 r Li 


6 r 






6 t 6iSn 




6$ 


" 6$ 


K 6N 1 


N=N*J 


6V6N 1 


N=N 



where i? = K, N or H, we get 

6 r 6iSN 



6N J 6N J 



+ 



[N J -N* J ,S L ] =0. 



6 t 6iSn 



6N J 6N J 



6 r (N 



*j 



N=N* 



60 



N=N* 



Removing the matrix of second derivatives we obtain (|3.19|) . 

For example, applying the inverse procedure just described to (|3. we reconstruct (|3,ip and 
find that Sh is given by (I2.8I) . 



4 Proper canonical transformations 

In this section we study the most general canonical transformations we need to work with. In ref. 
[1] it was shown that the master functional allows us to describe the most general changes of field 
variables as linear redefinitions of the form 

$Ai = q>A + N I b A^ N I, = N J Z I^ ( 4 
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where bf and Zj are constants. We understand that these constants can be both c-numbers and 
Grassmann variables, so from now on we pay attention to their position. By convention, we place 
them to the right of the proper fields and to the left of their sources. 
Basically, the redefinitions (|4.ip work as follows. Writing 

<5> A ' = $ A + I R (<5>)bf + N I bf, (4.2) 

we see that when we set N 1 = K = H = 0, which is supposed to switch off the sectors of composite 
fields and gauge transformations, the change of variables is practically $> Af = $> A + Q R ($>)bf, which 
is the most general perturbative field redefinition. However, the conditions N 1 = switch off the 
composite-field sector before the transformation, not after. Indeed, due to the term N J bf in (|4.2p 
after the transformation the solutions of L'j = SiS^/SN 1 ' = 0&tK = H = are no longer 
N 1 = 0, but some new N 1 ' = 0. Working out N 1 ' it is found that at N 1 ' = K = H = the 
effective change of variables is corrected by 0(6 2 )-terms and finally reads 

where bf = bf + 0(b 2 ) is some calculable series in powers of b. More details can be found in ref. 

ID- 

Now, recall that the most general change of gauge-fixing can be obtained shifting the sources 
Hi by constants. We can embed (|4,ip and the change of gauge-fixing into the canonical transfor- 
mation generated by 

K', N, H') = j{<5> A + N T bf)K' A + J N'zfiH'j - (4.3) 

which we call proper canonical transformation, where the £/S are the gauge-fixing parameters. 
More explicitly, we have 



A' ?F A j A 5F , 



Nl ' = j§T = N J z^ H I = ^ J = zj(H'j - O) + bfK' A . (4.4) 

The proper action behaves as a scalar: 

S' N (&, K', N', H') = S N (<t>, K, N, H). (4.5) 

Clearly, composing two proper canonical transformations we obtain a proper canonical trans- 
formation. 

Proper canonical transformations encode all transformations we need, because they incorpo- 
rate the most general field redefinitions and the most general changes of gauge-fixing. Moreover, 
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they can be used as true changes of field variables, instead of mere replacements, because the 
external sources K and H transform without involving integrated fields. Finally, the transforma- 
tions are linear in $ and N. This is important because the Legendre transform is covariant only 
with respect to linear field redefinitions. 

The transformation (|4.ip acts on the proper action and inside the functional integral. It is 
easy to derive how it reflects on the generating functionals. Inside Z and W it corresponds to the 
J- L- redefinitions 

J' a = Ja, U I = {z- l y\(L J -b A 1 J' A ). (4.6) 

Indeed, we obtain 

J ($ A 'J' A + N 1 '^) = J [$> A J A + N'Lj) , (4.7) 

so, because of (|4.5|) . the Z- and VF-functionals behave as scalars: 

Z'(J',K',L',H') = Z(J,K,L,H), W \J' ', K' , L' , H') = W(J, K, L, H). (4.8) 

Formula (|4.7p . together with (|4.5|) . proves that a proper canonical transformation manifestly 
preserves the conventional form of the functional integral, which ensures that replacements and 
true changes of field variables are practically the same thing. 

It is also simple to see how (|4.4p reflects on f2. If we use (|4.6p inside (|4,8p and the defini- 
tion of master functional, we find that the transformation (|4.4p looks exactly the same inside 
$7, as expected from its linearity. Moreover, also behaves as a scalar: f2'(<3?', K' , N', H') = 
n($,K, N, H). 

5 Basic renormalization algorithm 

The master functional allows us to work in a manifestly field-covariant framework and, among 
the other things, describe renormalization as a combination of parameter redefinitions and proper 
canonical transformations, which are both operations that manifestly preserve the master equa- 
tion. To prove these statements, we proceed gradually. In this section we a give a basic subtraction 
algorithm. In the next section we generalize known cohomological theorems to the master func- 
tional and use them to subtract divergences by means of generic (namely not necessarily proper) 
canonical transformations and parameter redefinitions. In section 7 we reach our final goal, namely 
show how to extend the action so that all divergences can be subtracted by means of parameter 
redefinitions and proper canonical transformations. 

When it is necessary to specify a regularization technique, we use the dimensional one. We 
assume that the proper classical action S c n satisfies the master equation \_S c n, S c n\ = at the 
regularized level, which ensures that no gauge anomalies are generated. Then the renormalized 
master functional satisfies the proper master equation. 
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In this section we give the basic proof of renormalizability, where divergences are subtracted 
just "as they come", using the minimal subtraction scheme and the dimensional-regularization 
technique. We proceed by replacements of actions, rathen than changes of variables. More 
precisely, we replace the action with the action plus its counterterms, and do not care to check 
if the counterterms can be incorporated inside the action by means of parameter-redefinitions 
and canonical transformations. This subtraction procedure does not even preserve the master 
equation at each step. Nevertheless, it does preserve the master equation up to higher orders, 
which is enough to ensure that the renormalized action obtained at the end satisfies the master 
equation exactly. 

Call S]\[ n and £l n the proper action and the master functional renormalized up to n loops. 
Since we use the minimal subtraction scheme, Sjv n = S^Ar+poles in e = 4 — D, where D is 
the continued dimension. Moreover, we inductively assume that Sjvn satisfies the proper master 
equation up to higher orders, namely 

[S Nn ,S Nn j=0(H n+1 ). (5.1) 

Formula (|3.15|) implies l!tt n ,Q, n \ = (\_Spf n , SjVnJ) = 0(h n+1 ). Now, [SWn> £V n J is a local func- 
tional, and (\_S]y n , S]y n \) is the functional that collects the one-particle irreducible correlations 
functions containing one insertion of [S^n, Sjv ra J . Because of (|5.ip . the O(ft n+1 )-contributions to 
(\_Snti, <SWnJ) coincide with the 0(/i n+1 )-contributions to [S^n, £V n J . Moreover, since S^n = 
<S c Ar+poles and [S c n, S c n\ = 0, we have [_<SjVn> <SjVnJ =poles. 

Call the order-(n+ 1) divergent part of Q n . By the theorem of locality of counterterms, 

it is a local functional, since all subdivergences have been subtracted away. By the observations 
just made, and recalling that the classical limit of Q, n is S c n, if we take the order-(n+ 1) divergent 
part of [n n ,n n \ = {[S Nn ,S Nn \), we get 

[S cN ,n^\ = llS N n,S Nn \ + 0(h n+2 ). (5.2) 

Now, if we define 

Snu+i = Snu — ^i'dtv'*' (5-3) 
we still have SVn+i = S'cAr+poles, and, thanks to (15. 2h . 

which promotes the inductive assumption to n + 1 loops. Iterating the argument, we are able 
to construct the renormalized proper action = and the renormalized master functional 
fioo, and prove that both satisfy their master equations exactly. 
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6 Proper cohomology 



The proof of renormalizability given in the previous section is straightforward, but not completely 
satisfactory, because it does not take advantage of the new formalism. The master equation is not 
preserved exactly at each step, but only up to higher orders. Going through the proof it is easy 
to convince oneself that it does not admit an immediate generalization to arbitrary subtraction 
schemes. Moreover, since divergences are subtracted as they come by the plain subtraction ([5.3p . 
we cannot even guarantee that they can be reabsorbed into redefinitions of parameters and fields. 
We are not even sure that the classical action S c n does contain enough parameters to reabsorb 
divergences that way. 

When we want to preserve the master equation exactly at every step of the subtraction algo- 
rithm, the right-hand side of (|5.ip is zero, so [finj^nj = 0. In the minimal subtraction scheme, 
the (n + l)-loop divergent part of this equation gives the cohomological problem 



instead of (|5.2|) . 

In this section we characterize the solutions of (|6.1|) in a variety of theories and use the results to 
upgrade the renormalization algorithm. Let us first recall how we proceed in the usual formalism, 
by which we mean the formalism where the antiparentheses are (12. ip . we take (|2.2p as the classical 
action S(<3?, K), solution of the master equation (S, S) = 0, we work with the generating functional 
T(&,K) and in all non-trivial cases describe renormalization as a replacement instead of a true 
change of variables, plus redefinitions of parameters. In this context the cohomological problem 
(|6.ip becomes 



where is the (n + l)-loop divergent part of the n-loop renormalized T-functional Y n . 

Let us assume that the most general solution of (S, x) = 0, where \ is a local functional of 
zero ghost number and bosonic statistics, has the form 



where 9 and x' are local functionals. The key content of (|6,3p is that the cohomologically non- 
trivial part S depends only on the fields <J>. In a variety of common cases, we can characterize 
S($) even more precisely. Assuming that the set of fields & A is made of the classical fields (f>, 
the ghosts C, plus the gauge-trivial subsystem C-B, then using the theorem 0] recalled in the 
appendix S(^") can be further decomposed as 








(6.3) 




(6.4) 
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where S' and x" are a l so local functionals. This formula shows that the cohomologically non- 
trivial solutions 5'((f>) are the gauge-invariant terms constructed with the classical fields <f) and 
their covariant derivatives. 

For the arguments that follow we do not strictly need ([6.4p . since assumption (|6.3p is sufficient. 
Once we have (|6.3p . the renormalization of the T-functional proceeds as follows. Let {Si($)} 
denote a basis for the non-trivial solutions S( < I > ) appearing in (|6.3p . Assume that the action §(<!>) 
is a linear combination of all Si($)s, multiplied by independent parameters Aj 

S(*) = J>S»(*). (6.5) 

i 

The action S(&, K) still solves the master equation (S, S) = 0, because (5, Si) = and (Si, Sj) = 
0. Note that the identity (Si, Sj) = is guaranteed by the fact that the solutions Si of the 
cohomological problem depend only on the fields, and not on the sources K. If Si depended on 
K, we would not be able to extend the classical action in such a simple way, preserving the master 
equation. This is a key content of the cohomological assumption (|6.3J) . 



Since r£"jj"/ satisfies (j6.2j) . by the assumption (16 . 3|) we can decompose it as 

rJS? = X> n+1 Ai)Si($) + (s,x' n+ i), 

i 

where A n+ iAj are constants and x' n +i I s a l° ca l functional. The cohomologically trivial divergences 
(S, Xn+i) can ^ e subtracted by means of the canonical transformation generated by 



F n+1 (*,K') = J <S> A K' A - X ' n+1 (<S>,K>) 



while the divergences Si(^) are subtracted redefining the parameters Aj as A- = Aj — A n+ iAj. 
Indeed, if S n denotes the action renormalized up to n loops, we have 

= * A ~ K> = K+5 % 1 ' S n {^\K') = S n (*,K) - (S, X ' n+1 ), 

plus higher orders. Then we can define the (n + l)-loop renormalized action as 

S n+ i($,K,\) =S n (<S>',K',\') 

and obtain 

S n+1 (<f>,K,\) = S n (&,K,X) — ^(A n+1 Aj)Si($) - (S,x' n+ i) = Sn(*,K,\)-T%* 



(n+l) 
div 



plus higher orders. 

In this procedure we started from the most general action (|6.5p . containing all gauge invariant 
couplings Aj. This option is the safest one, from the point of view of renormalization, but then the 
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theory may contain more parameters than we actually need. For example, it may be problematic 
to recognize finite theories and theories that are renormalizable with a finite number of physical 
parameters. A possible shortcut is to start from a lucky solution S(<3?) and prove that it does not 
get extended (as in the case of power-counting renormalizable theories). If this is not possible, 
we can extend the action step-by-step adding the missing AjS only when necessary. 

Theorems that ensure fj6.3j) have been proved both for Yang-Mills theory and gravity, for 
local composite fields and local functionals of arbitrary ghost numbers [5]. In the rest of this 
section we prove that once (|6,3p holds in the usual formalism, it can be straightforwardly pro- 
moted to the proper formalism. Then we show how to use its generalized version in the proof of 
renormalizability. 

We can start with the proper action (|3.1ip . because we will show that it just needs straight- 
forward extensions, thanks to assumption (|6.3p . 

Theorem 3 If assumption \6. 3\) holds, the most general solution of the cohomological problem 
\_Sn,x\ = 0; where x(^, K, N, H) is a local functional, is 

X = u } (<f>)+[S N , X '], (6.6) 
where w(<3?) and x'(^,K,N,H) are local functionals. 

Proof. It is convenient to apply the procedures explained in section 3 that allow us to switch 
back and forth between Sjy and Sl- Indeed, the subsystem H-N-L has cohomological properties 
similar to those of the common subsystem C-Kq-B made of antighosts, their sources and Lagrange 
multipliers, the sources associated with B and L being missing. Integrating L away, as we did in 
(|3.3p . is very much like integrating the Lagrange multipliers B away. Referring to the definitions 
given in the appendix, the subsystem H-L is gauge-semitrivial, because [_Sl,Hj\ = ( — 1) £/ L/ 
and \_Sl,Lj\ = 0, while the subsystem C-B is usually gauge-trivial. In the appendix we prove 
a theorem about the cohomological properties of gauge-semitrivial subsystems, which we need to 
use here. 

Define Xl(&, K, H, L) = x\n=n*> w here N = N* is the solution of (|3.7p . We have 

S^N^-N 1 ) 5 lX 



SiXl _ <h_ , | > _ Six 



+ 



N=N * M 6N* 



5$ 60 V/MJV=JV ' 50 
where ■& = $, K, N or H. Using (|3~T6j) and (13. 17113. 19|) we find 



N=N* 



[Sl,Xl\ = [Sn,x\\n=n* ~ [Sl,N £ -N* 1 } 



6N 1 
Now, write 

X l(<J>, K, H, L) = /($, K) + O(L-H). 



= 0. 

N=N* 
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Using (|2.8p and (|3,ip it is easy to check that 

[S l , X l\ = (S,f) + G(L-H), 

where S(&,K) is the solution (I2.2p of the master equation (S,S) = when composite fields are 
switched off. Thus, [Sl , Xl\ = implies (S, f) = 0. By assumption fj6-3|) we know that the most 
general solution of this cohomological condition is 

f(^,K)=u;^) + (S,r J ^,K)), 

where uj and r] are local functionals and (S, u) = 0. It is also easy to verify that we can write 

=w(*)+ [S L , V \ +0{L-H) 

and [Sl > =0. Now, write 

ff, L) = + L^L, r?J + A X ($, X, ff, L), 

where |_<Sx, AxJ = and Ax = O(L-H). Applying theorem [6] we can conclude that there exists a 
local functional x'l(^ > K > H > -L) such that 

Xl = u>($)+IS l ,x' l \- (6.7) 
Finally, setting L = L* to switch back to x an d using (|3 . 9|) . we obtain 

x($,i^,iv,^) = xL| L=i « =^W+ L&iXlJI 



\L=L* 

:u;^) + [S n ,x'l\ l=l ,\-IS n ,L}\ S -^ 



= u($) + IS n ,x'l 

L=L* 



L=L* 



which is (16. 6p with x' = x'l\l=l*- 



Now renormalization can proceed as in the usual formalism. Assume that the classical action 
Sn is (|3.1ip with §(<]?) given by (|6.5p and that the divergences are removed up to n loops by 
means of A-redefinitions and canonical transformations. Denote the n-loop renormalized action 
and master functional with Sjsin and U n , respectively. Clearly, [5Wm 'SjVnJ = L^n>^nJ = 0. We 
want to show that the (n + l)-loop divergences can be removed in the same way. Call ^^h!v the 
(n + l)-loop divergent part of Q n . By the theorem of locality of counterterms, Q^ty is a local 
functional and, by the usual argument, \£l n , £l n \ = implies 

Applying the theorem proved above, write 

^nti? = ^(An+xXi)^) + [S N , X 'n + l\, (6-8) 
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where x' n +i ^ s a local functional. We subtract the divergent terms of type Si redefining the 
parameters Aj as Aj — A n+ iAj. The other divergent terms \_Sn, x' n +i\ are subtracted by means of 
a canonical transformation generated by 



up to higher-orders, which, as usual, are dealt with at the subsequent steps of the subtraction 
procedure. 

This proves that when (|6,3p holds and §(<!>) is general enough, renormalization can be achieved 
preserving the action (|3,lip . up to canonical transformations. Yet, this procedure is still not what 
we want. It is just the usual procedure generalized to the proper formalism for the master 
functional, but it does not take advantage of the new formalism. The canonical transformations 
(|6.9p are not guaranteed to be proper ones, so they are not covariant under the Legendre transform 
and cannot be used as changes of variables inside the functional integral, but just as replacements. 
In the next section we reorganize the subtraction so as to achieve our goals. 

7 Renormalization of the master functional 

In this section we show how to extend the action (|3.1ip so that all divergences proportional to the 
field equations and of gauge-fixing type are subtracted making proper canonical transformations 
and all other divergences are subtracted redefining parameters. These operations are fully co- 
variant, preserve the master equation and allow us to interpret the BR map, namely the relation 
between bare and renormalized quantities, as a true change of variables in the functional integral, 
instead of a mere replacement. 

The results of this section apply to the most general gauge field theory whose gauge algebra 
closes off shell and satisfies the cohomological assumption (|6.3p . therefore also (|6,6p in the proper 
formalism for the master functional. We do not assume power-counting renormalizability, nor 
that the number of parameters necessary to renormalize divergences is finite. The search for new 
theories that are renormalizable with a finite number of independent physical parameters, and do 
not obey known criteria, is beyond the purposes of this paper. Nevertheless, we do believe that 
the formalism developed here will help organize that search in a more effective way. 

For simplicity, we assume that the actions S(&,K) and Sjy satisfy their master equations 
at the regularized level, which guarantees that there are no gauge anomalies. We can use any 
subtraction scheme that is compatible with gauge invariance. When the master equation is not 
manifestly satisfied at the regularized level we must check whether gauge anomalies cancel at one 
loop or not. If they do, the Adler-Bardeen theorem J6] ensures that there exists a subclass of 
subtraction schemes where they cancel to all orders. Then our arguments work in that subclass 
of subtraction schemes. 
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Divergences proportional to the field equations and of gauge-fixing type can actually be sub- 
tracted in two ways, which are good for different purposes: i) making (proper) canonical transfor- 
mations; ii) redefining ad-hoc parameters, introduced just for that purpose. Option i) is preferable 
if we want to check if our theory belongs to some special class with respect to its renormalizability 
properties, for example it is finite or renormalizable with a finite number of physical parameters. 
Option ii) can be useful as a formal trick for intermediate purposes. It can be applied trading 
wave-function renormalization constants for renormalization constants of extra parameters put in 
front of kinetic and source terms. However, when we use option ii) we may not realize that some 
divergent terms can be subtracted by means of field redefinitions. This could lead us to introduce 
parameters that may turn a finite or renormalizable theory into a non-renormalizable one. 

We describe how renormalization works with both options, beginning with option ii) because 
it is a good introduction to option i). 

Renormalization by redefinitions of parameters 

For the moment it is convenient to view renormalization as a redefinition of parameters only, 
with no field redefinition, in the spirit of option ii). We extend the classical action (|3,lip so that 
it still satisfies the master equation and contains enough independent parameters to subtract all 
divergences by means of parameter redefinitions. Later we explain how to implement option i). 

The idea is as follows. The action (|3.1ip is not sufficiently general to subtract all divergences 
by means of parameter redefinitions. To say one thing, it is linear in K and H, but it is easy to 
construct divergent Feynman diagrams with more K- and //-external legs, in general. As before, 
we can include all physical couplings Aj inside the action §(<£), choosing the most general linear 
combination (|6.5p . Thus, the divergences of type Si are subtracted redefining the AjS and what 
remains are just cohomologically trivial divergences \_Sn , Xn+iJ • Instead of subtracting them by 
means of canonical transformations, we introduce ad-hoc parameters and redefine those. 

We extend the action Sn of (|3.1ip by means of the most general perturbative (not necessarily 
proper) canonical transformation. Write its generating function as 

F C ($,K',N,H') = J <$> A K' A + j N I H' I + AF c ($,K , ,N,H i ), (7.1) 

where AF C is the sum of all monomials we can construct using the proper fields $-JV, the primed 
sources K'-H' and their derivatives, multiplied by arbitrary independent couplings £. The trans- 
formation F c introduces many more parameters than we actually need. For example, it includes 
enough parameters to encode all field redefinitions. This happens just because we are applying 
option ii). Clearly, this method is not the cleverest way to build a covariant approach, and 
certainly it is not very practical. However, for the moment we do so, and later explain how to 
economize on such redundancies switching to option i). 
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With no loss of generality, we still use the minimal subtraction scheme for the divergent parts. 
Once we have enough independent parameters A, £ to subtract all divergences by means of A- 
and ("-redefinitions, it is straightforward to change to an arbitrary scheme making finite A- and 
(-redefinitions. 

We construct the extended classical action Sjvc composing the action of ([3.1ip with the 
canonical transformation (|7.ip . We denote this operation as 

%c(A,C) = %(A)oF c ((). (7.2) 

Clearly, Snc satisfies the proper master equation [_<f?jvc j Sj^c J = 0. 

If we use Sjvc as our starting classical action, renormalization proceeds as follows. Assume, 
by induction, that the theory is renormalized up to n loops by means of A- and (-redefinitions. 
Call SV nC (A,() and Q n the n-loop renormalized proper action and master functional. Then the 
(n+ l)-loop divergent part Sl^ 7 ^ of the master functional is local and satisfies the cohomological 
problem 

Applying the inverse f- 1 of CH} we obtain 

therefore, using fj(5.6|) and applying F c again, we get 

^dtv 3 = E( AA ^ S ^( $ ) ° F c + [SncXu+icI (7-3) 

i 

where x' n +ic * s a l° ca l functional. The divergences of type 9 can still be removed redefining the 
As. Indeed, we have 

S NC (X - AA, C) = S NC (X, C) - 5^(AAi)Si(*) o F c . 

i 

Since <SjVrac(^>C) = Snc(^X) + we a l so have 

S NnC (X - AA,C) = S NnC (X,() - E(AA,)g 4 ($) o F c + 0(h n+2 ) . 

i 

Now, consider the cohomologically trivial divergences |>>iVc> X n +icJ ■ They can be subtracted 
by means of the canonical transformation generated by 

F-(*,K',N,H') = J <$> A K' A + j N J H'j- x^ic^K', N,H% 

up to higher orders. Indeed, 

S NC (X - AA,C) o F_ = S NC (X,C) - £(AAi)Si(*) o F c - [S Nc ,x' n+ ic\ = ^c(A,C) - ^\ 
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up to higher orders. Now, 

S Nc {\ - AA, C) o F_ = S N (X - AA) o F C (C) o F_. 

Certainly, -Fc(C) -f— i s a canonical transformation equal to F c plus (n + l)-loop corrections. 
Since -Fc(C) contains all allowed perturbative terms multiplied by independent parameters, there 
must exist redefinitions £ — >• £ — AC such that -Fc(C) ° F— = -^c(C ~~ ^0 U P to higher orders. 
Thus, 

S Nc (\ - aa,c - AC) = S NC (X,() - si%£> + o(^ n+2 ). 

Finally, the (n + l)-loop renormalized action 

S Nn+lc (\,C) = S NnC (X - AA,C - AC) 

is equal to Sjvnc C^i C) ~~ ^ndTv + 0(/i n+2 ), which proves that we can subtract all divergences 
redefining the parameters A and C- 

Renormalization by redefinitions of parameters and proper canonical transformations 

We have just shown how the proper action SV can be extended so that it contains enough 
independent parameters to subtract all divergences by means of parameter redefinitions. Now we 
explain how to proceed when we want, instead, to subtract the divergences proportional to the field 
equations and those of gauge-fixing type by means of proper canonical transformations. We just 
need to restrict -Fc(C) dropping all contributions that are unnecessary. Since Ai ? c ($, K' , N, H') 
is linear in the parameters C> we first analyze it to the first order in C- Observe that Xn+ic 
in (|7.3p is equivalent to x' n +ic + L^Vo ^n+icj : where 7? n +ic is an arbitrary local functional. 
Correspondingly, the redefinitions of certain parameters C contained in F c have no effect on 
L^Wo Xn+icJ an d ^Jdiv^- ^ e can use ^ n ^ s f ree dom to simplify AF C . Another freedom is of 
course to compose F c with proper canonical transformations. 
Using fl37TD and ([37TO]) recall that 

(-l) e/ [S N , Hi\ = =Li = A U N J S + 0(A> 5 )-perturbative corrections. (7.4) 

It is convenient to express the combinations N$ as functions of Lj and organize AF C (<f>, K', N, H') 
as an expansion in powers of K',H' and L. Clearly, [Sn,Lj\ = 0. Write 

AF C ($,K',N,H') = f c ($,K',L,H'). (7.5) 

The source-independent sector / c ($,0, L,0) collects the most general changes of gauge-fixing. 
Write 

/c(*,0,A0) = * c (*) + O(L). 
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The functional \& c (<l>) can be dropped, because its effects, which are the usual changes of gauge- 
fixing, can also be produced by the constants £/ contained in the proper canonical transformation 
(|4,3p . The (D(L)-corrections, which are also 0(A r 5)-corrections, are more general changes of gauge- 
fixing that depend on the sources of composite fields. Using (|7.4p the 0(L)-terms can be written 

as 

J LjZ7 J ($,L) = J (-i) e 'lS N ,Hi\U J = [S N ,J (-lf'HjU 1 } + J fl>|S*, tf J J, (7.6) 

where U 1 are local functions. Working to the first order in £, /<- and U 1 must be considered 0(C)) 
so the first term after the equals sign can be also written as 



|SWc,/ {-IY'HtU 1 }. 



For the reasons explained above, we drop it, and therefore remain with the last term of (|7.6|) . 
which is proportional to H. We conclude that we can take / c ($, 0, L, 0) = 0. 

Next, consider the terms of f c that are linear in K' and H' . Expanding in the basis of 
composite fields, we can write them as 

J 0'(*)uM + / Bj, (7.7) 

where uf and Vj are constants. Composing F c with an infinitesimal proper canonical transfor- 
mation (|4.3p with bf = —uf, Zj = —vj and £j = 0, the total can be cast in the form 

N J s uf K' A - J N'svjH'j, (7.8) 

to the first order in £. Since N$ = 0(L), we have been able to convert the terms (|7.7p . which 
are O(K') and O(H'), into terms that are O(K'L) and O(H'L). This means that we can drop all 
terms of type (|7.7p from f c . 

Recapitulating, we take f c to be the most general sum of terms Q(K')Q(L) + 0(K' 2 ), each 
monomial being multiplied by an independent parameter £• Here K' is a symbolic notation that 
collects both K' and H' . Similarly, let $ collect $ and N. Define F c from (|7.ip and (|7.5p . where 
now / c is of restricted type. From now on we stop focusing on the first order in and our results 
apply to all orders in £■ The canonical transformation F c produces a field/source redefinition of 
the form 

& = $ + 0(L) + O^Oi K = K' + 0{K'). (7.9) 

Obviously, composing two canonical transformations of restricted type, we get a canonical trans- 
formation of restricted type. Moreover, every canonical transformation (|7.9p is generated by an 
F c of restricted type. 
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Define the extended classical action 5V/c as i n (|7.2|) . where now -Fc(C) is °f restricted type. 
Assume, by induction, that the theory is renormalized by A- and (^-redefinitions, plus proper 
canonical transformations, up to n loops. Let SA/ nC an d Q n denote the n-loop renormalized 
proper action and master functional. Consider the (n + l)-loop divergent terms ^jt^ of 0, n . 
Clearly, they are still decomposed as in fjT.3|) and the divergences of type Si(^) ° -^c can still 
be subtracted away redefining the parameters A contained in §($). We want to show that the 
divergences of type [SWc> Xn+icJ can De subtracted redefining the parameters £ of the restricted 
generating function F c and making a proper canonical transformation. 

Define Lj c = Lj o F c and Hj c = Hj o F c . Using (|7.4|) and (|7.9p we have 

Lie = (-l) e/ L5ivc, #/cJ = U + 0(L) + 0(K). (7.10) 

Consider Xn+ic as a functional of <3?, L c , K and if, and expand it in powers of L c , K and iif. 
Expanding the contribution at L c = K = H = in the basis of composite fields, write 

X' n+ ic = j 7 (<%/ + J LjcU'iQM + Qik), 

where qj are 0(/i n+1 )-constants and U 1 are local functions. With a proper canonical transforma- 
tion generated by 

F q (^>,K',N,H') = J <$> A K' A + j N J (H'j-qj), 
we can add a term — J N^j to Xn+ic an( l then remain with 

Xn+ic = - j ^91 + j L JC C7 Z ($,L C ) + 0(K). 
Using (|7.4p and (|7.10p we can write this formula as 

Xn+ic = / L Jc y J (*,L c ) + 0(^), 
for some new local functions V^. Now, use (|7.10p again to write 

Xn+ic = / (-l) £/ L^iVc,^/cJ^ + 0(^) = [SncJ {-ly'H^V 1 } + j H JC \S NC ,V J \ + 0(K). 

The first term after the equals sign can be dropped, since the divergences we have to remove are 
L'S'iVC) Xn+icJ • Thus we remain with Xn+ic = ^(^0- Expanding in the basis of composite fields, 
write 

X"W = / V I mmfK A + j / ($)n/F J + 0(^)0(L c ) + 0(ir 2 ), 

where mf and nj are 0(/i n+1 )-constants. With an infinitesimal proper canonical transformation 
generated by 

F mn ($,K',N,H') = /($ A - N'mf)^ + f N 1 (H'j - njH'j), 
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we can arrive at 

Xn+lc = " / N^mfKA ~ j N'snjHj + Q(K)Q(L C ) + 0(K 2 ). 

Using and (f77TU|) we find 

xZic = 0(K)0(L c ) + 0(K 2 ) = 0(K)(D(L) + 0(K 2 ). 

These terms are precisely of the type that can be subtracted away with a restricted infinitesimal 
transformation. Let F r denote the generating function of such a transformation. Collecting all 
operations made so far, we have 

S NC (X - AA, C) o F r o F q o F mn = S NC (X, Q - fi^ 5 + 0(/f t+2 ). 

Now, write 

5jvc(A- AA,C)oF r = S N (X-AX)oF c (()oF r . 

Since i^c(C) ° Fr i s the composition of two canonical transformations of restricted type, it is of 
restricted type. Since F c is the most general transformation of restricted type, there must exist 
(^-redefinitions £ — A£ such that jPc(C) ° F r = F c (£ — A("). Moreover, F p = F q o F mn is the 
composition of two proper canonical transformations, so it is a proper canonical transformation. 
Thus, 

S NC (X - AA, C - AC) o F p = S NC (X, C) - n%+? + 0{h n+2 ). 
Finally, define the (n + l)-loop renormalized action as 

(A, C) = S NnC (X - AA, C - AC) o F p . 

Since S7v nC (A,C) = Snc(^X) + we a l so have 

5ivn+ic(A,C) = ^„ c (A,c) - + 0(h n+2 ), 

so the (n + l)-loop divergences are subtracted in the way we want. 

We have thus achieved our goals: 1) all divergences proportional to the field equations, as 
well as those of gauge-fixing type, are subtracted making proper canonical transformations; 2) 
all divergences of other types are subtracted by means of parameter redefinitions. Clearly, the 
master equation is preserved at each step of the subtraction. 

The form of the action (|3.1ip is not invariant under proper canonical transformations, so it is 
worth to describe how to proceed when we do not start from a classical proper action S n equal 
to (|3.1ip . but we take an action S' N = Sn ° Fp, equal to p. lip composed with a convergent 
proper canonical transformation Fp. Then, by the results of section 4 the master functional f2 is 
turned into f2' = QoFp. All arguments presented above are modified just replacing the canonical 
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transformations Fx with F' x = Fp oFx oFp. If Fx is proper, then F' x is also proper. If Fx is of 
restricted type, then F' x defines the canonical transformations of restricted type for the starting 
action S' N . 

So, for example, we first extend the classical action S' N to S' Nc = S' N o F{- = SVc ° Fp- 
Then, we assume by induction that the n-loop renormalized action S' NnC (X,C,) is obtained from 
5^y c (A, C) redefining the parameters A, £ and making proper canonical transformations F' x . This 
means that we can write S' NnC (X, Q = SjVnc(^jC) ° Fp? where Sjv nC (A, C) is obtained from 
5iV C (A, also making parameter redefinitions and proper canonical transformations Fx- Because 
of this assumption, we have Q' n = Q n o Fp, so the (n + l)-loop divergent part of Q' n is 0^1^ 
= fi^iv^ ° Fp, and it can be subtracted defining 

^„+i c (A, C) = S NnC (X - AA, C - AC) o F p o F P = S' NnC (X -AX,(- AC) o F' p . 

This result shows that divergences can still be subtracted redefining the parameters A, C an d mak- 
ing proper canonical transformations F' p . Thus, the inductive assumption is correctly promoted 
up to n + 1 loops, so it is also promoted to n = oo. The final renormalized master functional is 
just = r^oo o Fp, which is obviously convergent. 



8 Conclusions 

In this paper we have formulated a general field-covariant approach to quantum gauge field the- 
ory, generalizing the ideas of ref.s O 0]. Instead of working with the usual generating func- 
tional T(&,K) of one-particle irreducible diagrams, we have introduced a master functional 
£1(&,K,N,H) that depends on the usual pair of field/source conjugate variables $ and K, plus 
a new pair N and H, associated with the composite fields and their gauge transformations. The 
functional is also a generating functional of one-particle irreducible diagrams and it is defined 
as the Legendre transform of the improved functional W{J,K,L, H) with respect to both sources 
J and L of elementary and composite fields. We have extended the definitions of antiparentheses, 
canonical transformations and the master equation to the new formalism. The master functional 
satisfies the extended master equation. In the proper approach the classical action Sn{& } K, N, H) 
coincides with the classical limit of 0,. Moreover, both $ and iV are integrated fields, while K 
and H are external sources. The functional f2 collects the set of one-particle irreducible diagrams 
determined by SV with the usual Feynman rules. 

The most general perturbative field redefinitions and changes of gauge-fixing can be expressed 
by means of proper canonical transformations, under which the action Sn behaves as a scalar. 
Precisely, the proper canonical transformations are linear, and such that the proper fields and 
N transform independently of the sources K and H, and viceversa. Thanks to this, we can 
implement the transformations as true changes of variables in the functional integral, instead of 
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using them as mere replacements. This property overcomes an important difficulty of the old 
approach, where it impossible to use canonical transformations as changes of variables in the 
functional integral whenever the external sources K are transformed into non-trivial functions of 
<£. Being linear, proper canonical transformations look identical inside the master functional f2, 
which also behaves as a scalar. 

The approach of this paper is covariant with respect to the most general perturbative field 
redefinitions and allows us to prove the renormalizability of gauge theories in a general field- 
covariant setting. When cohomological theorems hold, we have shown how to generalize them 
to the proper formalism. When there are no gauge anomalies, we have shown that the classical 
action Sn can be extended so that it contains enough parameters to subtract all divergences 
that are proportional to the field equations and of gauge-fixing type by means of proper canon- 
ical transformations and all other divergences by means of parameter redefinitions. The master 
equation is exactly preserved at every step of the subtraction procedure. 



Appendix A cohomological theorem for gauge semitrivial subsys- 
tems 

In this appendix we prove cohomological properties that are useful to classify gauge-invariant 
terms. The first theorem is a known result, the second theorem is a new generalization, important 
for some applications contained in the paper. 

For definiteness, let H and U denote two fields of the set $ and S(&, K) denote the action, 
solution of the master equation (S, S) = 0, where (., .) are the usual antiparentheses (|2,ip . Write 
<3? = (<3? r , H, U). With obvious modifications everything we are going to say also applies when the 
fields, the action and the antiparentheses are replaced by the proper fields, the proper action and 
the squared antiparentheses. 

We say that H and U form a gauge- semitrivial ^-subsystem if (S, H) = U, (S, U) = 0. We say 
that H and U form a gauge-trivial ^-subsystem if it is gauge-semitrivial and (S, $ r ) is independent 
of H and U. We call the <3>-subset <&,. gauge-irreducible if it does not contain gauge-semitrivial 
subsystems. 

For example, if $ is made of the classical fields (j), the ghosts C, the antighosts C and the 
Lagrange multipliers B, and the action has the usual form 

5($, K) = S($) - J R4<f>, C)K^ - f R C {C)K C - f B a K a c , (A.l) 

then the ^-subsystem C-B is gauge-trivial, because (5, C) = B and (S, B) = 0, while (S, <p) and 
(S, C) depend only on <p and C. 
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Theorem 4 Let H-U be a gauge-trivial ^-subsystem and x($) a local functional such that (S, \) = 
0. Then there exist local junctionals /($ r ) an d x'(^) such that 

X (<f>) = f(<f> r ) + (S, X '). (A.2) 



Proof. Expand x(3>) as 

x ($) = /($ r )+ J2 

m+n>0 

where 



Fm,n = J f tl ... tm ,. 1 ... an (*r)U tl ■■■U tm H* ■■■H a 



and fti—t m ,si—s n is a local operator-function, by which we mean that it can contain derivatives 
acting on the Us and the Hs. To simplify the notation, write 

F' m ,n = j (S, ft 1 ~t m * v ..s n )U tl ■ ■ ■ U^H* ■••#«». 
Imposing (S, x) = we get (S, f) = and 

F' m ,n + f U s -^F m ^ >n+1 = 0. (A.3) 



Observe that 



rt S l T7i Tn /" rr S &l 



U ^jj^Fm,n — TFiF mn , I H ^jj s F mn — nF mn . (A. 4) 



Applying the operation 

/ *w (A ' 5) 

to equation (|A.3P and using (IA,4p . we get the useful identity 

= J A* j§A„ + (n + l)F m -i,n+i + J (-l) £s£t ^[/ s ^|^F m _ lin+1 , (A.6) 

where e s , e t denote the statistics of U s , H . With the help of this identity and (|A.4p again we 
find 

(S,f H^F^n) = (n + l)F m _i, n+ i + mF m , n + ^ (-l) £ ^tg*^ _|_ (F m _ 1;W+1 - F n , n ). 
Dividing by n + m and summing over m and n, we obtain 

n + m oil 1 ^-^ 



n+m>0 n+m>0 
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therefore (|A.2|) holds with 

* = \ Rt Wi E (A-7) 
Clearly, if x is local, so is x' ■ This concludes the proof. 

We can extend part of this theorem to gauge-semitrivial subsystems. First observe that the 
argument given in the proof separately applies to each "level" m + n = I =constant, because no 
operation we have made mixes different is. This fact is due to the assumption that the system 
is gauge-trivial. In a gauge-semitrivial subsystem, instead, the expressions (S, $> r ) are allowed to 
depend on H and U, therefore F' raises the level. Attention must be paid to corrections coming 
from higher and lower levels when attempting to extend the proof given above. 

Call Xt{^) a functional that does not contain levels smaller than I > and is such that 
(S, Xl) = 0- Let us repeat the proof of the previous theorem focusing on level i. Since no 
corrections can come from lower levels, the derivation works up to corrections of levels £ + 1 
or higher. We obtain the result that there exist local functionals x'e an d Xi+i such that Xi = 
(S, x't) + Xi+l- Clearly, (S,xe+i) = 0, so we can repeat the argument for Xl+i- Proceeding 
inductively, we conclude that there exists a local functional x'e such that xt = (S,x'e)- This 
derivation works for every £ > 0, but cannot be extended to £ = 0, because formula ()A.7p is 
singular in that case. Therefore, 

Theorem 5 IfH-U is a gauge-semitrivial ^-subsystem andx{&) is a local functional of the fields 
that vanishes at H = U = 0, such that (S,x) = 0, then there exists a local functional x'(3>) such 
that 

X(<£) = (S, X '). 

When we want to generalize the arguments of this appendix to functionals x °f both fields 
and sources, we must pay attention to a caveat. Both theorems generalize if we can include the 
sources inside <3? r , because the proofs never use the fact that <I> r contains only fields. The notion 
of gauge-semitriviality remains unchanged, so theorem [5] generalizes straightforwardly. Instead, 
the notion of gauge-triviality does change, since the requirement that (S, $ r ) are independent of 
H and U would imply the requirement that (S, Ka) satisfy the same property. In general, this is 
not even true for the subsystem C-B and the action (jA.ip . because (5, Ka) can depend on C and 
B, which makes the subsystem C-B gauge-semitrivial. At any rate, for the needs of this paper it 
is sufficient to generalize theorem [5j 

Theorem 6 If H-U is a gauge-semitrivial ^-subsystem and is a local functional that 

vanishes at H = U = 0, such that (S,x) = 0, then there exists a local functional such 
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that 



X^,K) = (S, X ')- 



(A.8) 
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